AN ALMOST EVERYWHERE EXISTENCE THEOREM
FOR SOLUTIONS OF VOLTERRA
FUNCTIONAL EQUATIONS(Y)

BY
J. YEH

1. Introduction. Let C, be the Wiener space, i.e., the collection of real
valued functions x(f) defined and continuous on I:0=¢t=<1 and satisfying

x(0)=0.
Let a finite sequence of real valued continuous functions F'(¢, u),
F(¢, u, v1), - -+, F*{t, u, v, - - -, vo—1) be defined and continuous for t&1

and other variables unrestricted. The Volterra functionals fI)"(xIt), A"(xlt)
depending on the function x(-) and the real variable ¢ are defined inductively
by

(1) Az | ) = x(s), onC, ® I,
(2 (x| ) = PR, A% - -, MY, (k=1,2- - ,monCs®I,
t
A3) Ak(x ] 8) =f &(r)dr (k=1,2,---,m)onCy, ® I.
0
For any x &€ C,, the function y defined by the Volterra functional equation
(4) y() = =) + (x| )
or with f=F»
t
© 9 = 5 + [l 8] 9), -, i s
0

belongs to C,. In [3] we showed that under certain conditions on F* there
exists uniquely x€ C,, satisfying (5) for every given y&C,. In the present
article we prove an almost everywhere existence theorem for solutions of (5)
where the phrase almost everywhere refers to the Wiener measure defined on
Cy. Our result is the following:

TuEOREM. Let F(t, u), F*(t, u, v), -+, F"Y¢, w, v, - - -, Vu_a),
f@, w, v1, - - -, va1) be continuous and have continuous first derivatives with
respect to u, vy, - - - , v 0n IQR, (k=1,2, - - -, n) where Ry is the k-dimen-
stonal Euclidean space and let f, be continuous on I @ R,. Let F', F?, - - - | Fr— 1
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f satisfy the order of growth conditions(?)

k—1
©6) | F¥(t, u,v1, -y o)) | SCD (0| omIQ@Re(k=1,2,---,n—1),

=0
) f&t,uyv1, + + -, vo1) SgU = — Al{Bu}2 onlI ® R,
(8) fu+4gs+4'i:ng’§2"z‘§a2,~v§+ As onl ® R,,

g j=
9) g1, m, 01, ¢ - ¢ [ Vamy) = — —;—a(cot Blu* — A, on R.,
where
(10) g(t, uy 1y 0 0 ¢, Vpy) = fouf(t, w,v, 0, Vnor)dud onl @ R,
(11) - o= {aﬁ + ¥ ca+o™ ’aﬁ-} "
j=1

and Ay, As, B, C, a; (j=0, 1, - - -, n—1), B are positive constants satisfying

a<f<mand B<1. Then corresponding to almost every y& Cy,, (5) has a solution
x & Cy, which is unique in C,.

2. Lemma. Let each of F\(t, u), FXt, u, v1), - - - be continuous and satisfy
(6) on IQR:, (k=1, 2, - ). Then for any x&C, the Volterra functional
A¥(x|8), (=0, 1,2, - - -) defined by (1), (2), (3) satisfies
t 1/2
(12) ARz| ) £ C + C)k—l{ f [x(s)]zds}
[1]
fortel, (k=1,2, - ).

Proof. The proof is based on Schwarz’s inequality and a complete induc-
tion on k. For k=1, by (6) and Schwarz’s inequality

1 < 1 d
|A(x|t)|$fo | F1[s, x(s)] | ds
§Cf0|x(s)|ds

=< C{fot[x(s)]’ds} . forte I.

Now suppose that (12) holds for 1<k<N. Then again by (6) and
Schwarz's inequality

(’) Vo=1u.
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| AV+(z | )| éf‘IF”“[S, x(s), Al(x| s), - - -, AV (x| 9)] | ds

I\

t N t
cf | ()| ds+C 2 | | Ai(x]9)|ds
0 0

i=1

s C{fot[x(s)]zds} "

+cx fo i + c)f—l{ fo ’[xm]mr} s

J=1

= C{l +C ZV_‘, 1+ C)i—l} {fo‘[x(s)]%} 12
12

i=1

=C(1+ C)N{fo‘[x(s)]?ds}l

and (12) holds for k= N+1 as well. This completes the proof of (12) by induc-
tion.
3. Proof of the theorem. Let y=B8"1—1>0 and

(13) ot w) = (¢ + v)" 2 exp{ (¢t + 7v)"u?} onl ® R,.
Since t+v>0 on I, ¢(¢, #) has continuous derivatives of all orders with re-
spect to ¢ and # on I ® R;. Define a function G(¢, #, 1, - - -, ¥»—1, A) depending

on a non-negative parameter A by

(14) G(t’ Uy V1, * 0y vn—1| \) = g(t) Uy U1y * * 0y Un—1) + >‘¢(t’ )
onl ® R.,,A = 0.

Then
1
(15) G =g — P A+ Yot u) — Me + ) u(t, w),
onl @ Ry, \ =0,

(16) Gu = f+ 2A(t + v) 'ud(t, u), onl ® R.,, A 20,
17 Gi=gia(j=172)"',”—1) onl Q® Ri,, A 20,
and these derivatives are all continuous. Furthermore G, has continuous first
derivatives with respect to ¢, u, v1, + + -, ¥p—1 0n I ®R, for A\20 and in par-
ticular G, is given by
(18) Guuw = fu + 2Nt + )70, w) + AN+ v)2u?d(t, w)
so that by (15)
19) Guu + 4G = fu + 4g: onl @ R, for A = 0.

Now F!, F?, - . ., F~1 @G, satisfy the conditions on F!, F?, - - . 6 Frl f

of Theorem 1 of [2] so that the transformation
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(20) y()) = (1) + f 'Gu[s, Ax|s), - -+, A" (x| 5) | A]ds, A 20,

transforms C, in a 1-1 manner into a measurable subset T' with a measure
given by(®)

(21) mu(T) = f exp{J (%, \) } dux, A0

Cuw

where

J(x,\) = f 1K[;, A(x ] 8), - -+, A i(x ] 8) | \]dt

(22)
+ 2G(0,0, - - -, 0| A) — 2G[1,A%=]| 1), - - -, A" (x| 1) | A]
for x&€Cy,, N\20 with
1 n—1
Kt w0, vwa | A) = G+ 26, Go+2 Y GiFi
j=1

(23)
. 1 9 n—1 '
=‘2—fu+28t"Gu+22ng', forA=0

=1

according to (19), (17).

We show next that for each positive value of A the transformation (20)
transforms C, 1-1 onto itself. We only have to show that when A\>0, G,
satisfies the condition (4.1) of Theorem II of [3]. From(16)

(24) G,,sgnu=fsgnu+2)\(t+7)‘1|u|¢(t,u) on] @ R,forA =0
and from (13) and 0<¢t+y=1+¥, (¢t+7v)"'2B for tE1,

I+ )7 | o, u) = 2+ )| w| exp{(t+ 7))

(25
= 2\B¥?| u| exp{Bu?}, onI® R;for\ = 0.

Now when A>0 and |«| 2\-1B-%/24,, (25) implies

(26) It + v)7| | &, w) = 24, exp{ Bu?} onl® R,
so that according to (24), (7), (26)

(27) Gusgnu = 4, exp{Bu’} = A

for A>0, |u| ZN1B-3124,, (t, v1, 02, - - -, Uno1) EIQ®R,_3. On the other hand

when A>0 but |u| <A4-1B-3/24,,

(3) See the first equation on p. 152 of [2].
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fsgnuz= — 4 exp{B)\_zB—sAf} = — AQ)
according to (7) where by definition
AN) = 4, exp{)\-ZB_zAf} >0
and hence by (24), (25)

(28) G.sgnu= — AQ)
{Ol' x>01 Iul éx—lB—:f/?Al’ (tv U1, U2y * 0, vn—l)€I®Rn—l.
Summarizing (27), (28) we obtain
(29) Gu.sgnu = — A(QN) onI ® R, with A(\) > 0 for A > 0.

Thus for each A\>0, G, satisfies (4.1) of [3] and according to Theorem II of
[3] the transformation (20) transforms C, 1-1 onto itself. From (21) we have

(30) 1= fc exp{J(x, )\)}dwx for A > 0.

w

Now since Gu(¢, u, », * * -, v,._1|0) =f(t, u, v1, - * *, o) according to
(16), we only have to show that (30) holds even when A=0 in order to com-
plete the proof of the theorem. We show

(31) li?; fc,, exp{](x, )\)}d.,, x= f exp{J(x, 0)}dwx.

w

This is done in what follows by interchanging the order of integration and

limiting process.
According to (22), (14), for each x&C,

1
HmK%M=ﬁm{j ﬂnM®Mf-3A?WUHMM}
Ao Alo 0

32
( ) - 28(0; O’ ) 0) - 2g[1) Ao(xl 1)7 Ty An—-l(xl 1)]'

To pass to the limit under the integral sign in (32) we show that for each
fixed x& Cy,, K is bounded on I for 0 <A =1. From (23), (16), (13)

K[, A°(x| B, -, A"‘l(xl 1) I by

1
= ?fu[t’ Ao(xl t)’ ) A”—l(x! t)] + 23¢[t7 Ao(xl t): ] An—!(xl t)]

OOl o0, - -, | D] 4 2+ o]

-exp{ (1 + v)7[A%x] ]2} }?

n—1
+2 Z gi[t; Ao(xl t)) Ty A”_l(xl t)]Fi[t’ Ao(xl t)’ ) An—l(xl t)]
= fort € I, 2 0.
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From the continuity of F!, F2, - - - F» 1 f fu. g, 8 (G=1,2,---,n—-1)it
is evident that K is bounded on I for 0 <A =1 for each x&E C,. Also from (23),
(16)

1 n—1
lim K(,%,1, -+, vt | N) = Sl %=t 2 gFi

Ao je=1
= K, u, v, - * *, v,._1| 0)
and from (32), (22), (14)

(34) 11112 J(x,2) = fO‘K[t, Az| 8), - -+, A" x| 8| 0]t — 24(0,0, - - -, 0)

= 2g[1, A2z | 1), - -+, A | )] = T (x, 0).
We next justify

(35) lim f exp{J(x, )\)}dwx = f lim exp{J(x, )\)}d,,,x
ao Jog, ¢, Mo

by dominating exp{ J(x, M} on C, for all A>0 by a function which is inde-
pendent of N and integrable on C,. From (22), (23), (14), (13)

11
J(2,N) éf {_Z'fu[t’ A - A”—l] + th[t) AS e ey A”_l]
0

n—1
+ 2 Z gi[t) AO; ) An_l]Fj[t: Ao) Ty Ai_l]}dt
j=1

~ [tad -, am ]y

0

+ Z{g(oy 0) Ct 0) + >‘7—1/2}

— 2{g[1, A°Q1), - - -, A"3(1)] + AB2 exp{ B[A°(1)]?} }.

The second integral in the right-hand side is non-negative. Also g(0, 0, - - - , 0)
=0 by (10), and AB!/2 exp{B[A°(1)]2} >0. Therefore when 1>A>0

(1
J(x) >‘) éf {7fu[t7 Ao7 Ty A”—l] + 2g¢[t’ Ao’ ] An—-l]
0
(36) n—1
+ 2 Zgi[t, A07 ] A"_I]Fj[l: Ao, R Ai_l]} dat
=1
- 2g[1, A1), - - - A"‘l(l)] + 29712 for all x € C,,.
The right-hand side of (36) is independent of N. By (8), (9), Lemma, (11)
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J(z,\) <f { E NGO } dt+ acot B[A%(x| 1)]2 + 245 + 2y~1/2

j=0

< ol f ola+ [ "}f)a, [ca + o) { fo t[x(s)]zds}dt

J=1

A.
+— +acot Blx(1)]2 + 245 + 2y112

1 A2
< az{ f [x(t)]zdt} +—-+acot Blx(1)]2 + 245 + 29112
0
and

exp{J(x,\)} < exp {azf [2(8)]2dt + a cot B[x(l)]’}
(37) y
-exp {Tz + 24;+ 27‘”2} .

According to §2 of [1], the right-hand side of (37) is integrable on C,. Thus
(35) is valid, (31) is valid by (34) and (30) holds for A=0, which means that
for almost every y& C,, (5) has a solution xE C,. Its uniqueness follows from
Remark 1, §2 of [3].

4. An example. We give an example with #=2 to which the present al-
most everywhere existence theorem is applicable but not the everywhere
existence theorem, Theorem II of [3]. Let

F(t, u) = sin u,

1
f, u, v) = m (42 sin 2u 4+ 2u sin? u) sin? v.
Then
1
fult,u, v) = T (2u? cos 24 + 4u sin 24 + 2 sin? u) sin? v,

1
g(t, u, v) = T u? sin? % sin? v,

1
g6=0, gF' = m u? sin® % sin 29,

so that
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| Ft,u)| < |ul,
1
|f(tuv)| S—(u2+2|u|) exp{zuz},
fu + 4gt + 4ngl

1 4 1 4
< —(u+4 Dt —ur<— (6u+ 6) + — 42 = u? + 1
s @t alu] + Jt U ST Ot gw =ty

g(l,u,v) 20,

and the conditions in the theorem are satisfied with A;=A4,=1, 4;>0,
B=1/2,Cz1, =1, y=0, ap=1<B<m. On the other hand (4.1) of [3] is
violated.

BIBLIOGRAPHY

1. R. H. Cameron, Differential equations involving a parametric function, Proc. Amer.
Math Soc. 8 (1957), 834-840.
2. , Nonlinear Volterra functional equations and linear parabolic differential systems,
J. Analyse Math 5 (1956/1957), 136-182.

3. J. Yeh, Nonlinear Volterra functional equations and linear parabolic differential systems,
Trans. Amer. Math. Soc. 95 (1960), 408-432.

UNIVERSITY OF ROCHESTER,
RoCHESTER, NEW YORK



